Abstract. We construct a new family of compact orbifolds O 4 (Θ) with a positive self dual Einstein metric and a one-dimensional group of isometries. Together with another family, introduced in [6] and here denoted by O 4 (Ω), these examples classify all 4-dimensional orbifolds that are quaternion Kähler quotients by a torus of real Grassmannians.
Introduction
A classical theorem of Hitchin states that S 4 and CP 2 , with their symmetric metrics, are the only compact positive self dual Einstein (SDE) 4-manifolds [10] . A classification of compact positive self dual Einstein 4-orbifolds appears much harder, and at the present not fully understood.
First examples of compact self dual Einstein 4-orbifolds of positive scalar curvature were constructed by Galicki and Lawson via their also now classical quaternion Kähler quotient construction. Presently, known examples of such orbifolds include: (i) the SO(3)-invariant, cohomogeneity one orbifold metrics on S 4 discovered by Hitchin [11] ; (ii) the toric orbifold metrics constructed by Boyer, Galicki, Mann and Rees as quaternion Kähler quotients of quaternionic projective spaces [7] ; (iii) the S 1 -invariant orbifold metrics of Galicki and Nitta [9] . The toric orbifold metrics mentioned in (ii) include as special cases the GalickiLawson metrics on weighted complex projective spaces CP 2 (p, q, q). All these toric metrics have been completely classified through quaternion Kähler quotients first by Bielawski [2] in a special case and more generally by Calderbank and Singer [8] .
Compact positive SDE orbifolds with a one-dimensional isometry group are known just in a few cases, and the only known examples seem to be the ones mentioned in (iii) and the family constructed in [6] again through a quaternion Kähler quotient.
The present paper is devoted to constructing a new family of positive SDE metrics with a one-dimensional isometry group on compact orbifolds. We show that these new examples, together with the ones constructed in [6] , classify all such orbifolds that can be obtained as toric quotients from the quaternion Kähler Grassmannians Gr 4 (R n+1 ) ∼ = SO(n+1) SO(n−3)×SO (4) . In fact, actions by a k-dimensional torus sitting inside the maximal torus of SO(n + 1) and leading to a 4-dimensional positive SDE quotient orbifold give necessarily n+1 = 6, 7, 8 (cf. Section 2). Indeed the first case n + 1 = 6 gives rise to SDE orbifolds with T 2 − symmetries [7] . The remaining cases n + 1 = 7, 8 give rise to intermediate circle quotients related to the groups G 2 and Spin(7), respectively: [12] , [14] . In particular, one can consider weighted action of tori T k Θ ⊂ SO(n + 1) ⊂ Sp(n + 1) on the 3-Sasakian sphere S 4n+3 ⊂ H n+1 , k = [
where Θ is a (k − 1) × k integral matrix. In Section 2 we describe the details when n = 7 and the acting torus is 3−dimensional. This gives the following: In fact, the analysis of the action shows that no choice of matrix Θ gives a smooth quaternion Kähler quotient of the corresponding quaternion Kähler base HP 7 , and this is the case also for 3−Sasakian quotient metric on the mentioned SO(3)-bundle. The singularities of the quotient O 4 (Θ) can in fact be more conveniently described through the singular locus on its twistor space Z 6 (Θ). To give a proper formulation of this, denote by G the group Sp(1) × T 3 Θ × U (1). It acts in a natural way on the quaternionic vector space H 8 , and denote by u α = z α + jw α (α = 1, ..., 8) its coordinates. In Section 3 we prove the following: We describe also singularities for quotients appeared in [6] . We use here the notation Ω ∈ M 2×3 (Z) for the matrix of weights, entering in theG
action on the quaternionic vector space H 7 (cf. Section 4). We denote by ∆ αβ , α, β = 1, 2, 3, the minor determinants of the matrix Ω. It is proved in [6] that, under some hypotheses on the ∆ αβ , a positive SDE orbifold O 4 (Ω) with a one-dimensional group of isometries can be constructed. In Section 4 we describe the singular locus at twistor level by proving the following: 
and the similarly defined S are ±1 in Theorem B, or similarly when some of the ∆ αβ or their algebraic sums are ±1 in Theorem C, then the singular loci Σ(Θ) and Σ(Ω) do not contain the corresponding sets.
The comparison between singularities in the two cases shows that Theorem A gives rise to a new family of positive SDE orbifolds with a one-dimensional group of isometries.
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The Quotient Orbifolds
A family of 4−dimensional positive SDE orbifolds with one-dimensional group of isometries has been constructed in [6] . We denote here by O 4 (Ω) these orbifolds, a notation that allows to distinguish them from the new orbifolds O 4 (Θ) that will be introduced in the present paper. We recall that the O 4 (Ω) are quaternion Kähler quotients, via a Sp(1) × T 
and if a 4-dimensional quotient is desired, one has to look at actions of (n − 4)− dimensional tori. The dimension [ (2) n < 9 (n + 1 even) or n < 8 (n + 1 odd), so that the only Grassmannians that can admit such quotients are:
, and
The first two cases in (3) have been examined in [7] and in [6] , respectively. The present paper is devoted to the third case and to its comparison with the second one (circle quotients of Gr 4 (R 6 ) have a two-dimensional group of isometries, and are therefore a priory distinct from orbifolds in the other two families). Thus our main choice is the Grassmannian Gr 4 (R 8 ), acted on by a 3−torus
, where Θ is a 3 × 4 integral weight matrix.
The action of T 3 Θ is conveniently described through 2×2 block diagonal matrices:
where
with t, s, r ∈ [0, 2π), and
is the matrix of the integral weights defining the action. Next, recall that the Hopf fibration S 31 −→ HP 7 , acted on isometrically by Sp(1) via left multiplication of quaternions, gives as quotient:
and we are going now to add to it the T 3 Θ − action. Accordingly, we look at G = Sp(1) × T 3 Θ as a subgroup of the 3-Sasakian isometries of S 31 . The moment maps µ : S 31 → sp(1)⊗R 3 ∼ = R 9 associated with the Sp(1) action and: ν :
where u ∈ S 31 ⊂ H 8 . The zero set µ −1 (0) can be easily identified with the Stiefel manifold of oriented orthonormal 4-frames in R 8 , and it is therefore natural to look at elements of
, whose columns u ρ are coefficients of a quaternion respect to the base {1, i, j, k}. Of course any such matrix u has rank 4.
Lemma 2.1. Suppose that all the minor determinants
of Θ do not vanish. Then the zero set N (Θ) contains no elements u having a null quaternionic pair.
P roof. Refer to the choice of (u 7 , u 8 ) as a null quaternionic pair on some point of N (Θ). Let x α = u 2α−1 u 2α − u 2α u 2α−1 , α = 1, 2, 3, 4, and rewrite ν(u) as (11) ν
 , and N (Θ) ∩ {u 7 = u 8 = 0} has equations:
Now observe that in equations (12) we can assume, up to a scale, that u α belongs to Sp(1). Thus maps (u 2α−1 , u 2α ) ∈ Sp(1)×Sp(1) → u 2α−1 u 2α ∈ Sp(1), α = 1, 2, 3, are consequently defined. It follows u 2α−1 u 2α = ±1, u 2α−1 = ±u 2α , and that u ∈ N (Θ), as a a real 4 × 8 matrix, cannot satisfy all the equations (12) 
and:
do not vanish. P roof . By Lemma 2.1 the conditions ∆ αβγ = 0 insure that N (Θ) has no points with a null quaternionic pair. Then the fixed point equations can be written as:
where a α = cos θ α , b α = sin θ α , and λ ∈ Sp(1). It follows:
where by Lemma 2.1 the term multiplying λ is non-zero. Also:
so that a 1 = a 2 = a 3 = a 4 and b 1 = ±b 2 = ±b 3 = ±b 4 . Therefore:
To have a locally free action, we need that all these eight systems have at most discrete solutions, i.e. that the eight determinants In such a case the quotient and we have identified
8 and we will use both notations u and (z, w). The twistor space Z 6 (Θ) is the leaf space of the G−action on N (Θ). There is a natural stratification of Z 6 (Θ) and we want to see how any singular stratum in Z 6 (Θ) appears from the action of G on N (Θ). are conjugate with respect to the G-action.
To get the possible isotropy subgroups, fix a point (z, w) = u and write the fixed point equations in quaternionic pairs (u 2α−1 , u 2α ), as follows:
where A(θ α ) = cos θ α sin θ α −sin θ α cos θ α , λ = ǫ + jσ ∈ Sp(1), ρ ∈ U (1). Equivalently:
The following property is easily verified:
Thus, orbits through points (z, w) ∈ N (Θ) with non trivial isotropy subgroup
give all the G−strata of N (Θ) whose projection gives rise to singular strata of Z 6 (Θ). Rewrite now equations (27) as follows (α = 1, 2, 3, 4): (28)
and note that none of the M α can have rank 4, since otherwise the correspondent quaternionic pair (u 2α−1 , u 2α ) would vanish, a contradiction with Lemma 2.1.
Proposition 3.1. Let M α be the matrix in formula (28). Then det M α = 0 if and only if at least one of the following four identities
holds.
P roof. By using the block notation:
one has, for σ = 0:
where the matrix (A − BD −1 C) is given by:
It follows:
and this is zero if and only if:
that gives the stated condition.
Remark 3.1. Note that, when σ = 0, the condition det M α = 0 is equivalent to
which are special cases of formula (29).
We can rephrase all of this as follows:
to get a non trivial solution for the fixed point equations (26) it is necessary that condition (29)
holds for some choices of the signs and for α = 1, ..., 4.
Assume now σ = 0 in system (28) and use in each block M α one or two relations among the four in (34). Then we see that equations (28) admit non null solutions (z, w) ∈ H 8 , fixed by a subgroup H ((ρǫ,ρǫ),α) of the group generated by the chosen relations. Thus, Proposition 3.2 gives that for any of these solutions (z, w) the isotropy subgroup G (z,w) is contained in H ((ρǫ,ρǫ),α) . Depending on the numbers of the relations (34), the following possibilities for the rank of the blocks M α can occur: 1) just one of the relations in (34) holds ⇐⇒ rank M α = 3, 2) two relations in (34) hold ⇐⇒ rank M α = 2, 3) three or four relations in (34) are satisfied ⇐⇒ M α = 0 4×4 .
When three or four relations in (29) hold, for each α = 1, 2, 3, 4, they describe the non effectivity. Thus, up to the non effective subgroup, the third case can be ignored. Accordingly: Lemma 3.2. Assume σ = 0 in system (28). If rank M α = 3, its solutions are given by any of the following:
and when rank M α = 2 by any of :
It follows: with the choices (following notations in 35):
2 . By reading the T 3 Θ −moment map equations on this set of solutions, we get:
Similarly, the Sp(1)−moment map equation for this choice gives:
and we can rewrite all these equations as follows:
where the determinant is one of the 1±2 1±3 1±4 = 0. Thus we get only the trivial solution. All the other listed cases can be treated similarly. P roof. Without loss of generality, we can assume β = 1 and that the conditions in (34) giving solutions of type 3) in (36) are:
Since rank M α ≤ 3 (α > 1), at least one of relations (34) holds, so that either ǫρ = e ±iθα or ǫρ = e ±iθα . If one of the first two identities holds we get either ǫρ = ǫρ = e iθ1 = e iθα or ǫρ = ǫρ = e iθ1 = e −iθα , and thus we also get one of the further conditions ǫρ = e ±iθα , so that rank M α ≤ 2 for α = 2, 3, 4.
It follows: We begin now by studying the first mentioned family of singularities on Z 6 (Θ). Here all quaternionic pairs of (z, w) are in a (±,±) V α 3 , so that:
where all the signs can be chosen independently. The fixed point equations are:
where α = 1, 2, 3, 4. It is convenient to introduce the following notation. Fix a pair of signs (±, ±) in relations ǫρ = e ±iθ1 , ǫρ = e ±iθ1 , and a triple of signs (±, ±, ±), in e iθ1 = e ±iθα , α = 2, 3, 4. Any space of solutions of (28) is associated to a 5−tuple of signs ± = (±, ±), (±, ±, ±) . Accordingly, we will denote any such space of solutions by S ± . Next, consider the intersections of all spaces S ± with N (Θ). A first observation is the following. (51)
This can be rewritten in quaternionic coordinates:
(52)
where u 2α−1 = z 2α−1 + jw 2α−1 , and by intersecting with the sphere S 31 we get:
This is equivalent to
Then, by looking at relations (19) we see that N (Θ) intersects only one of the eigenspaces
(±,±,±) . In particular, in the non empty intersection case, dim S (+,+) (±,±,±) ∩N (Θ) = 9 and S (+,+) (±,±,±) ∩N (Θ)/G is diffeomorphic to a S 2 .
We consider now the second mentioned family of singularities on Z 6 (Θ), coming from points (z, w) ∈ H 8 having no quaternionic pairs in a (±,±) V The following lemma points out a minor correction to statements of corollary 2.3 and lemma 3.2 in [6] . (The latter is a weaker condition than the one in Lemma 3.2 (ii) of [6] ).
P roof. Since u 1 = 0, the Sp(1) factor acts trivially, and it is sufficient to look at the T The proof is a consequence of the same dimensional argument used in Theorem 3.1. The connected components in (81) i) and ii), provide the singular points' description in Theorem C (ii).
